Dynamical Casimir effect without boundary conditions by Saito, H & Hyuga, H
Dynamical Casimir effect without boundary conditions
Hiroki Saito1 and Hiroyuki Hyuga2
1Interactive Research Center of Science, Tokyo Institute of Technology, Tokyo 152-8551, Japan
2Department of Physics, Keio University, Yokohama 223-8522, Japan
(September 12, 2001)
The moving-mirror problem is microscopically formulated
without invoking the external boundary conditions. The mov-
ing mirrors are described by the quantized matter eld inter-
acting with the photon eld, forming dynamical cavity po-
laritons: photons in the cavity are dressed by electrons in the
moving mirrors. The eective Hamiltonian for the polariton
is derived, and corrections to the results based on the external
boundary conditions are discussed.
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I. INTRODUCTION
When mirrors are closely placed, the attractive or
repulsive force between them is observed. This phe-
nomenon, known as the Casimir eect [1], is explained
by the fact that the vacuum state of the electromagnetic
(EM) eld in the presence of the mirrors is modied from
that of the free space, and the vacuum fluctuation energy
depends on the positions of the mirrors. On the other
hand, when the mirrors move very rapidly, quantum state
of the EM eld cannot adiabatically follow the instan-
taneous vacuum state for each position of the mirrors,
resulting in creation of photons. Such excitation of the
quantum eld caused by non-adiabatic change of the vac-
uum state [2{4] is referred to as the dynamical Casimir
eect (DCE), and there have been numerous investiga-
tions into this subject [5{23], e.g., spectral properties of
created photons [5], radiation pressure on a moving mir-
ror [6{8], squeezing in the radiation eld [9,10], eective
Hamiltonian approach [11{14], time-varying refractive
index [15{17,14], influence of nite temperature [18{20],
and relation with sonoluminescence [21,22].
In the most of the previous works, the moving mir-
rors have been treated as the moving boundary condi-
tions such that the transverse components of the electric
eld operator in their rest frames vanish. Such exter-
nal boundary conditions, of course, violate the commuta-
tion relation of the EM eld operators at the boundaries,
and the restriction of the photon eld between the mov-
ing mirrors causes temporal change of the Hilbert space.
Thus, the ‘classical’ external boundary conditions involve
quantum mechanical imperfections. To circumvent these
conceptual diculties, the various results of the moving-
mirror problem based on the boundary conditions should
be examined and derived as some limiting case of a more
elaborate model.
Recently, Koashi and Ueda [24] formulated the static
Casimir eect based on a combined system of the EM and
matter elds, and showed that the both elds participate
in the vacuum fluctuations inducing the Casimir force.
Although the quantum theory of systems in which the
EM eld and matter interact with each other has been
developed by many authors [25{29,24], such an approach
to the DCE has scarcely been made so far [17].
The aim of the present paper is to formulate the DCE
in a moving-matter system in terms of the quantized
eld-matter theory. The EM eld attenuates by coupling
with the matter eld inside the mirrors, and thus no ex-
ternal boundary conditions are required. In other words,
the EM eld conned in the resonator is dressed by the
matter eld inside the mirrors, forming cavity polaritons.
Non-adiabatic movement of the mirrors excites the cav-
ity polaritons and this phenomenon can be called the
DCE of polaritons. In this paper, we derive the eective
Hamiltonian for polaritons, apply it to the moving-mirror
problem, and discuss corrections to the eective Hamil-
tonian based on the external boundary conditions [13].
We show that both Hamiltonians agree with each other
in some limiting case.
This paper is organized as follows. Section II briefly
reviews the moving-mirror problem. Section III for-
mulates quantum theory of eld-matter interacting sys-
tems in which matter is allowed to move in time. Sec-
tion IV derives the eective Hamiltonian for polaritons
in the moving-mirror system, and applies it to the one-
dimensional case. Final section summarizes this paper,
and some complicated algebraic manipulations are rele-
gated to appendices.
II. BRIEF REVIEW OF THE MOVING-MIRROR
PROBLEM
We briefly review the moving-mirror problem [3] to
make the present paper self-contained and to x the no-
tation. The simplest system consists of two perfectly
reflecting mirror plates set in parallel as illustrated in
Fig. 1. The mirror at the origin z = 0 is xed and the
other at the position z = L(t) is allowed to move. The
system is uniform in the x and y directions, and we con-
sider only one component of the vector potential, say the
x component Ax(z, t), without loss of generality. The
vector potential in the Coulomb gauge obeys the wave








FIG. 1. Schematic illustration of the one-dimensional mov-
ing-mirror problem. The left mirror is xed at z = 0, and the







and the boundary conditions are imposed as A(0, t) =
A(L(t), t) = 0, which guarantee that the transverse com-
ponents of the electric eld vanish at the surfaces of the
mirrors in their rest frames.
The eld operator of the vector potential A^(z, t) in the













where a^n and a^yn are the annihilation and creation oper-
ators of photons of the nth mode. The function fn(z, t)







with the boundary conditions
fn(0, t) = fn(L(t), t) = 0, (4)
which ensure that A^(z, t) obeys the wave equation (1)
and the boundary conditions A^(0, t) = A^(L(t), t) = 0.
Because of these boundary conditions, the canonical com-
mutation relation [A^(r, t), E^(r0, t)] = −ih/ε0δT (r − r0)
does not hold at the boundaries, where δT is the trans-
verse delta function. The eld operator (2) and the
Hilbert space on which it operates are dened only within
the space 0  z  L(t), and then the Hilbert space varies
accordingly. As a result, the operators a^n and a^yn implic-
itly depend on time, that is, they annihilate and create
photons in the time-dependent nth mode.





e−iωnt sin knz, (5)
where kn = npi/L and ωn = ckn. When the mirror moves
and the characteristic time of the change of the mirror
position L(t) is much larger than L(t)/c, the function











ωn(τ)dτ sin kn(t)z, (6)
where kn(t) = npi/L(t) and ωn(t) = ckn(t). When the
mirror moves faster, the adiabatic theorem breaks down,
and fn(z, t) evolves in a more complicated manner.
Time evolution of the system in the moving-mirror
problem is thus not generated by a predetermined Hamil-
tonian but by the classical equation of motion (3) and
the boundary conditions (4), by which time evolution of
A^(z, t) in the Heisenberg representation is obtained. The
eective Hamiltonian [11,12] is dened so that the time





O^(t) = [O^(t), H^effO (t)], (7)
where H^effO (t) depends on the operator O^ [12]. In the one-
dimensional moving-mirror problem, the eective Hamil-
























(a^yn + a^n)(a^yn′ − a^n′). (8)
If _L/L ωn for any n, time evolution operator approx-
imately becomes exp
h
−i R t0 dτPn ωn(τ)a^yna^ni, showing
the adiabatic theorem.
One of the advantages of the use of the eective Hamil-





jψ(t)i = H^effa (t)jψ(t)i. (9)
Another advantage of the eective Hamiltonian approach
is that we can understand easily what kinds of elementary
processes occur. For example, the second term of the
eective Hamiltonian (8) has the form of the parametric
process, suggesting that the squeezed state is produced
when the mirror oscillates at frequency 2ωn. The third
term indicates pair creation and annihilation of photons
and energy transfer between dierent modes.
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III. FORMULATION OF THE FIELD-MATTER
INTERACTING SYSTEMS
A. Field representation of systems
We start from the classical microscopic model, in which
the polarizable atoms in the matter interact with the
EM eld. We suppose that the ith atom consists of an
electron with charge −e and mass me at the position ri
and an ion with charge +e and mass M at the position
Ri. The relative vector between the electron and the
ion is denoted by xi  ri −Ri, and the center-of-mass
vector is Ξi  (MRi + meri)/(M + me) ’ Ri. We
assume that the center-of-mass vectors are xed in the
matter, and are given functions of time Ξi(t) when the
matter is moved. In the kinetic termsme _r2i /2+M _R
2
i /2 =
(M + me) _Ξ
2
i /2 + m _x2i /2, therefore, we consider m _x
2
i /2
alone in the dynamics, where m Mme/(M+me) ’ me
is the reduced mass. The electrons and ions are assumed
to be bounded by the eective potential mΩ2x2i /2. The






























_Ri A(Ri, t)− _ri A(ri, t)
i
, (10)
where E = −rφ−∂A/∂t and B = rA. The Lagrange
equations are obtained as
ε0r  E(r, t)− e
X
i














x¨i = −Ω2xi − e
me




E(Ri, t)− e _Ri B(Ri, t)
i
. (11c)
The rst and second equations are the Maxwell equa-
tions, and the third one describes motion of charged par-
ticles in the EM eld.
We rewrite the above particle picture of the polarizable
atoms in terms of the eld picture. When the spatial
scale of variation of xi is much larger than the lattice
distance, we can make a replacement as
xi(t) =) X(~r, t), (12)
where X is the polarization eld, and ~r is a matter co-
ordinate comoving with the matter (see Fig. 2). In the
space coordinate
matter coordinate
FIG. 2. Schematic example of the relation between the
space coordinate r (dashed lattice) and the matter coordi-
nate ~r (solid lattice). The matter coordinate comoves with
the matter.
usual translation to the eld theory, the index i corre-
sponds to the space point r, and we can make a replace-
ment xi(t) =) X(r, t). In the present case, however, this
replacement is inappropriate since the positions of the
atoms move with the matter. We therefore introduced
the matter coordinate ~r to specify a position inside the
matter. In the present paper, for simplicity, we consider
the case in which the matter is allowed to undergo only
translational motion. Rotations as well as deformations
of matter complicate extremely the formulation and are
not considered. The relation between the space coor-
dinate r and the matter coordinate ~r is then given by
r = ~r + a(t), where a(t) is a given time-dependent dis-
placement vector. When two or more objects move inde-
pendently, a(t) is to be specied for individual objects.
For instance, in the case of Fig. 1,
~z = z − a(t)
a(t) =

0 (z < 0)
L(t)− L(0) (z > L(t)), (13)
where the choice of coordinate is made as ~z = z at t =
0. The density of the polarizable atoms is given by a
replacement X
i
δ(~r− ~Ξi) =) ρ(~r). (14)
The polarization eld X and the density ρ vanish outside
the matter.
3
Using Eqs. (12) and (14), the rst summation in the























































d~r [−xi  rφ(r, t) + _xi A(r, t)] δ(~r− ~Ξi), (16)
where in the last line we assumed that φ and A are
slowly varying functions in the scale of jxij. We ignore
the Lorentz force on the electrons, since the velocities of
electrons are much smaller than the speed of light in the
present case, and then the eect of the magnetic eld is
much smaller than that of the electric eld. Applying the
replacements (12) and (14) to Eq. (16) yieldsZ
d~rρ(~r)






Thus, from Eqs. (15) and (17), the Lagrangian for the
system composed of the EM eld and the polarization
































We note that this Lagrangian reduces to the one used in
the static and uniform dielectrics [28], when the matter
is xed and the density ρ is uniform.
The conjugate momenta for A and X are given by
Π(r, t)  δL
δ[∂tA(r, t)]
= −ε0E(r, t), (19)










The Lagrange equation for φ reads
r D(r, t) = 0, (21)
where D(r, t)  ε0E(r, t)− eρ(~r)X(~r, t) can be regarded
as the electric displacement with polarization −eρX.
Adopting the Coulomb gauge (rA = 0) in Eq. (21), we
can write the electric potential φ as
φ(r, t) = − e
ε0
1
r2r  [ρ(~r)X(~r, t)] . (22)













= −mΩ2X(~r, t)− eE(r, t), (24)
where we used ddtE(r, t) =
∂
∂tE(r, t) in Eq. (23), and
d




dtA(r, t) = (
∂
∂t +
_r  r)A(r, t) in Eq. (24), since in deriving the La-
grange equations the variation with respect to A(r, t)
and X(~r, t) should be taken with xing r and ~r, respec-
tively. Equation (23) corresponds to the Maxwell equa-
tion rB/µ0 = ∂D/∂t, and Eq. (24) describes the po-
larization dynamics in the electric eld. Using Eqs. (18)-





























In order to formulate in terms of polariton, we have
to nd out the normal mode of the eld-matter cou-
pled equations. The normal mode can be dened only
when the position of the matter is temporally xed. We
denote this xed matter conguration as fMg. Then
the mode functions and frequency depends on fMg and
should be expressed as An(r; fMg),   , ωn(fMg), where
n is the index of the mode. However, to simplify the
notation, we omit the argument fMg below. Substitu-
tion of (h/2ωn)1/2An(r)e−iωnt, i(hωn/2)1/2Πn(r)e−iωnt,
i(hωn/2)1/2Xn(r)e−iωnt, and (h/2ωn)Yn(r)e−iωnt into
A, Π, X, and Y in Eqs. (19), (20), (23), and (24) yields
the normal-mode equations

















r 1r2r  [ρ(~r)Xn(~r)]

, (26d)
where we used Eq. (22). We take An, Πn, Xn, and Yn
to be real. These mode functions can be shown to satisfy
the orthonormal relation (see Appendix B)Z
dr [An(r) Πn′(r)−Yn(~r) Xn′(~r)] = −δnn′ . (27)
In terms of the mode functions, we can expand the















































where bn is the complex amplitude of each mode, and c.c.
indicates the complex conjugate of the previous term.
Substituting the expansions (28) into the Hamiltonian





Following the standard quantization procedure, we re-
place the c-numbers bn and bn with the Bose operators
b^n and b^yn satisfying the commutation relation [b^n, b^
y
n′ ] =
δnn′ . The elementary excitations created by b^yn can be re-
garded as polaritons, since they are linear combinations
of the photon and polarization elds. We should note
that the operators b^n also depend on the matter congu-
ration fMg, and are to be expressed as b^n(fMg) in full
detail. The eld operators in the Schro¨dinger represen-






























Yn(~r)(b^n + b^yn). (30d)
In the above argument, we assumed the discrete spec-
trum of polaritons. When the spectrum is continuous,
the continuous index of the mode, such as wave number
k, should be used instead of n, and the summation
P
n
should be replaced by an appropriate integral.
IV. FIELD-MATTER FORMALISM OF THE
MOVING-MIRROR PROBLEM
A. The effective Hamiltonian
In the previous section, the polaritons were derived for
xed matter conguration fMg. The number states of
the polaritons are eigenstates of the Hamiltonian for the
system with fMg, and thus suitable for orthogonal set of
bases in Fock space of polariton. When the matter con-
guration transforms to fM0g, denition of polaritons
alters accordingly, and the number states of the polari-
tons in fM0g should be used for new bases. As a result of
change of bases, the state vector undergoes unitary trans-
formation. Thus, when the matter conguration contin-
uously transforms as fM(t)g and we insist on using the
number states of the polaritons associated with instanta-
neous matter conguration for the bases of Fock space,
the state vector undergoes extra evolution in addition to
the usual time evolution. This representation (the bases
follow the eigenstates of the time-dependent Hamiltonian
instantaneously) is referred to as the rotating axis rep-
resentation in Ref. [30], and the eective Hamiltonian
describing such state evolution is given by
hitjH^eff(t)jjti =
(




Ei(t)−Ej(t) (i 6= j),
(31)
where jiti and Ei(t) denote the ith eigenstate and
eigenenergy of the Hamiltonian at time t, i.e., H(t)jiti =
Ei(t)jiti.
We derive the eective Hamiltonian for Eq. (25) which
is time-dependent through the relation between r and ~r
(r = ~r + a(t)). The third integral of the Hamiltonian
(25) depends on time, since both r and ~r are involved.
The time derivative of the Hamiltonian (25) in the second























 [v(~r)  r]A^(r), (32)
where v(~r)  v(~r; fM(t)g)  ∂r(~r, t)/∂t. In
Eq. (32) and hereafter, we omit the argument fM(t)g
in An(r; fM(t)g),   , ωn(fM(t)g), and b^n(fM(t)g) for
notational simplicity. Substituting the expansions (30)























From Eq. (31) with Eq. (33), we obtain the eective







































d~rρ(~r)Xn(~r)  [v(~r)  r]An′(r). (36)
This eective Hamiltonian for the polaritons with mat-
ters moving translationally is the main result of the
present paper. It is interesting to note that the eec-
tive Hamiltonian for polaritons (34) and that for pho-
tons based on the external boundary conditions (8) have
a similar form with respect to the creation and anni-
hilation operators, suggesting that Eq. (34) reduces to
Eq. (8) in some limiting case. This will be explicitly
shown in Sec. IV B for one-dimensional case. It is also
suggested that the squeezed state of polaritons will be
generated by oscillation of the matter at an appropriate
frequency. The important dierence between Eqs. (34)
and (8) is that the time evolution is fully described in a
common Hilbert space in Eq. (34) in contrast to Eq. (8)
in which the Hilbert space changes by the mirror motion.
B. One-dimensional case
In order to compare our result (34) with Eq. (8), we
consider the one-dimensional moving-mirror problem as
illustrated in Fig. 1. We assume that the system is uni-
form in the x and y directions, and consider only the x
components of the vector elds A^x(z), ^x(z), X^x(~z), and
Y^x(~z) without loss of generality (we omit the subscript x
below). The normal-mode equations (26) reduce to
n(z, t) = −ε0An(z, t), (37a)
Yn(~z, t) = ρ(~z)







A00n(z, t)− eρ(~z)Xn(~z, t), (37c)
Yn(~z, t) = mΩ2ρ(~z)Xn(~z, t), (37d)
where the argument t was explicitly written. The relation





εn(~z, t)An(z, t) = 0, (38)
where






can be regarded as the dielectric constant. In the free
space, i.e., 0 < z < L(t), the dielectric constant εn(~z, t)
is unity because of ρ = 0. Thus, in our eective Hamilto-
nian, the dispersion relation is included. If the reservoir
is taken into account, the Kramers-Kronig relations will
be satised as shown in Ref. [28] for static dielectrics.
Let us consider the case in which the matter is uni-
form, i.e., ρ is constant. In this case, Eq. (38) can be
solved (the solutions are shown in Appendix D). The
properties of polaritons in the matter signicantly de-
pend on the sign of the dielectric constant εn. When εn
is negative, the wave function of the polariton decays in
the matter, and then polaritons localize between mirrors
and the energy spectrum is discrete. This condition is
given by Ω2 < ω2n < Ω2 + ω2p, where ωp  (e2ρ/ε0m)1/2
is the plasma frequency. When εn is positive, the wave
function extends indenitely inside the matter and the
energy spectrum is continuous.
First we consider the case in which the time scale of
mirror motion is much larger than the inverse of the
plasma frequency ω−1p . In this case, the transition be-
tween the discrete and continuous spectrum can be ig-
nored, and then the continuous spectrum is irrelevant. In
order to see the relation between our result and Eq. (8),
we consider the case of metal, which is obtained by set-
ting Ω = 0. The coecient in the eective Hamiltonian







where the mode indices n and n0 denote the numbers of
nodes in the mode functions An and An′ , respectively,
and κn(t) = j1 − ω2p/ω2n(t)j1/2kn(t). When ωn  ωp,
which corresponds to the case in which the penetration
depth of the EM eld is much smaller than its wave
length, ωn and the coecients (40) can be expanded with




















1− 2η(t) + 4η2(t)
−1
2




If we identify the photon operators a^n in H^effa (t) [Eq. (8)]
as the polariton operators b^n, we obtain
H^effb (t) = [1− 2η(t) + 4η2(t)]H^effa (t) +O(η3). (43)
When we neglect the terms of order O(η), the eective
Hamiltonian for polaritons H^effb (t) reduces to that based
on the external boundary condition H^effa (t), and there-
fore, our method reproduces the existing results of the
moving-mirror problem in the limit of η ! 0. It is in-
teresting to note that H^effb (t) is proportional to H^
eff
a (t)
up to the second order of η. This physically indicates
that the time scale is delayed by the factor ’ 1− 2η due
to the coupling of the photon eld with the matter eld,
i.e., the EM eld drags electrons in the mirrors when
it is excited. In other words, photons in the cavity are
dressed by plasmons in the cavity mirrors, forming the
cavity polaritons.
When the time scale of mirror motion is comparable
to ω−1p , transition between discrete and continuous spec-
trum occurs. The transition is signicant when the mir-
ror vibrates at the frequency ωM > ωp−ωn, which results
in decay of the polaritons in the nth mode into continuous
spectrum, namely, photons leak out of the cavity. The
time-dependent part of the eective Hamiltonian can be
written by V^ eiωM t + V^ ye−iωM t, when the mirror moves
as L(t) = L0 + ` sinωM t, where L0  `. Using Fermi’s







jV (i)kn j2, (44)
where V (i)kn is the matrix element of V^ with respect to the
nth mode in the discrete spectrum (D1) and the mode
labeled by k = (ωn+ωM )/c and i = 1, 2 in the continuous
spectrum (D6). Here we took the wave number k between
mirrors as the mode index in the continuous spectrum.
The explicit form of V (i)kn is given in Appendix D. We can
show that when Ω = 0 and ωn  ωp  ωM the decay
rate (44) reduces to Rn(ωM ) ’ n`2ω2p/(4L20ωM ).
In the eective Hamiltonian H^effa (t), all the energy lev-
els are commensurate (ωn = npi/L0), and the created
photons make transition to higher levels unlimitedly as
ωn ! ω2n !    due to the resonance. In our eective
Hamiltonian H^effb (t), on the other hand, the transition
stops at  ωp due to the incommensurate energy lev-
els, or the decay into the continuous spectrum occurs,
and thus the resonant enhancement of the DCE is to be
naturally suppressed at  ωp.
V. CONCLUSIONS
We formulated the DCE in terms of microscopic eld-
matter theory, in which the EM eld and the polarization
eld in the matter are treated on an equal footing. This
enabled us to study the DCE without boundary condi-
tions and without changing the Hilbert space. We de-
rived the eective Hamiltonian for polaritons with mov-
ing matter, and applied it to the one-dimensional cavity
with a moving mirror. We obtained the corrections to the
results based on the external boundary conditions: the
time scale is delayed in inverse proportion to the plasma
frequency of the mirrors. This eect is attributed to the
fact that the photons in the cavity are dressed by the
electrons in the mirrors.
Finally, we comment on possibility of experimental ob-
servation of the DCE. This eect has not been demon-
strated in laboratories yet, since time scale of the phe-
nomena is extremely fast. An ecient way to observe the
DCE is to accumulate photons in a cavity by vibrating
the mirror surface of the cavity at twice the resonant fre-
quency. However, the resonant frequency of the high-Q
cavity is typically > 10 GHz, and it is quite dicult to
excite oscillation at such a high frequency. One possibil-
ity to overcome this obstacle might be to slow down the
speed of light. Using an ultracold atomic gas, the speed
of light can be reduced to  10 m/s in the regime of vis-
ible light [31]. If this technique can be applied to much
lower frequency, the resonant frequency of the cavity is
signicantly reduced, which enables us to resonantly vi-
brate the cavity wall to observe the DCE.
APPENDIX A: DERIVATION OF THE
EFFECTIVE HAMILTONIAN (8)
In order to make this paper self-contained, we de-
rive the eective Hamiltonian (8) for the DCE based on
the external boundary condition following the method
in Ref. [12]. We restrict ourselves to the moving-mirror
problem, while in Ref. [12] change of the dielectric con-
stant is also considered.
The equations of motion are given by
∂
∂t
A^(z, t) = −E^(z, t), (A1a)
∂
∂t




and the boundary condition is A^(0, t) = A^(L(t), t) = 0.















φn(z, t)[a^n(t)− a^yn(t)], (A2b)




























































































































Thus we nd that the eective Hamiltonian (8) gives this
time evolution (A5) by the Heisenberg equation.
APPENDIX B: ORTHOGONALITY OF THE
MODE FUNCTIONS
In this appendix, we give a proof of the orthogonality of
the mode functions in Eq. (27). We consider the integral
Inn′ 
Z
dr [An′(r) Πn(r) −Yn′(~r) Xn(~r)] . (B1)















[Yn(~r) + eρ(~r)An(r)] . (B2b)

















r2An(r)  r 1r2r  ρ(~r)Xn′(~r). (B4)
Since the last term vanishes in the Coulomb gauge, we
nd
Inn′ = In′n. (B5)
From Eqs. (B3) and (B5), we obtain (ω2n − ω2n′)Inn′ = 0,
which indicates Inn′ = 0 for ω2n 6= ω2n′ .
APPENDIX C: DERIVATION OF THE
EFFECTIVE HAMILTONIAN (34)
In this appendix, we derive the eective Hamiltonian
(34) from Eqs. (31) and (33). For example, let us consider
a part of Eq. (33) in Eq. (31) as
hijO^eff jji = ihhijb^nb^
y
n′ jji
Ei − Ej , (C1)
where n 6= n0. Since the operator b^nb^yn′ decreases the
nth polariton by one and increases the n0th polariton by
one, Ei − Ej = h(ωn′ − ωn) for non-vanishing matrix





(b^y2n − b^2n), (C2a)







n′ − b^n′ b^n)
+
i
ωn − ωn′ (b^
y
nb^n′ − b^nbyn′), (C2b)



































where Fnn′ is dened in Eq. (36). Rearranging the terms
in the third summation, we obtain Eq. (34).
APPENDIX D: CALCULATIONS IN
ONE-DIMENSIONAL CASE
In this appendix, we show the solutions of Eq. (38)
and some integrals in the one-dimensional case, where
the matter is uniform.
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When εn in Eq. (39) is negative, the energy spectrum
is discrete, and the mode can be labeled by the number





















e−κn(z−L) (z  L)
(D1a)




















e−κn(z−L) (z  L)
(D1b)
for the odd number of nodes, where kn  ωn/c, κn 














We take the sign of αn so that An(L) is positive for
Eq. (D1a) and negative for Eq. (D1b). The eigenval-
ues kn are determined so that the solutions are smoothly










where the signs + and − correspond to the solutions
(D1a) and (D1b), respectively. We can show that the
functions (D1) satisfy the orthonormal relationZ
dz [An(z)n′(z)− Yn(~z)Xn′(~z)] = −δnn′ . (D4)












When εn is positive, the energy spectrum is continu-
ous, and we use the wave number k between mirrors as
the mode index instead of n. There are two independent












− sin kL2 cosκz

(z  0)






2 sinκ(z − L)















+ cos kL2 cosκz

(z  0)
βk cos k(z − L/2) (0 < z < L)
βk
− kκ sin kL2 sinκ(z − L)









































k′ (z)− Y (i)k (~z)X(j)k′ (~z)] = −δ(k − k0)δij ,
(D8)
and that the functions (D1) and (D6) are orthogonal each

















































where k0  Ω/c, kp  ωp/c, and V (2)kn is obtained by
the replacement αk ! βk, cos kL/2 ! − sinkL/2, and
sin kL/2! cos kL/2.
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